We study the stability of proper closed invariant subspaces with respect to perturbations in norm of continuous operators on a Hubert space, using a nonlinear C°° map of Banach spaces.
In §3 Wq is a proper closed invariant subspace for Aq , and we define stability of (W0, Aq) in y relative to a smaller closed invariant subspace Vq ç Wq of .do . Here J^ is closed ideal in L(H, //). Unique stability is a stronger condition.
Let H7! be the orthogonal complement of V0 in W0. In the definition of stability, Aq is perturbed by elements of !? which vanish on V0, and we are concerned with invariant subspaces of the form (1 + T)W0 where T G S n L(WX, W¿-). So no nontrivial perturbation is allowed on V0, but in some applications Ko = {0}. The case J^ = L(H, H) also occurs in applications. If (say) S is the ideal of compact operators then, roughly speaking, the perturbations of Aq and Wq are compact.
In §4 the calculation of (dx¥A0)(A0,o) leads to a necessary condition for (Wq , ^o) to be stable. For example, take Vq = {0}, <f = L(H, H), and let H be separable. If Aq is compact and both W0 and Wq-are infinite-dimensional, then (Wq,Ao) is not stable. In §5 we give a sufficient condition for (Wq, Aq) to be uniquely stable, and this is sometimes satisfied when the spectrum of Aq is connected: then a perturbation of Aq also has a proper closed invariant subspace. When the spectrum of Aq is disconnected, our stability result does not seem to follow easily from the Riesz decomposition. In particular, when ux = v e W1 and u2 = w e W,
Projections and derivatives
In particular, Then there is no C1 assignment of proper closed invariant subspaces to operators in a neighborhood of 0 in J2". The C1 assignment would be by continuous isomorphisms, which are perturbations of 1 by elements of J^ .
We have in mind the case where H is infinite-dimensional, and S is L (H, H) 
